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Structure of Non-Solid Matter in Equilibrium State under NV T ensemble:
New Insight from Spatial Constraint
Koretaka Yuge1 and Makoto Murata1
1 Department of Materials Science and Engineering, Kyoto University, Sakyo, Kyoto 606-8501, Japan
When non-solid matter (e.g., liquids or gas) is under constant volume V and density ρ (e.g., in rigid box),
spatial positions for their constituents are restricted by these conditions. We recently focus on the role of
constraint in classical statistical thermodynamics, and find how spatial constraint connects with equilibrium
properties for crystalline solids, which has not been clarified so far. The present study extend the idea to non-
solid matter under NV T ensemble in classical systems. We provide explicit representation of canonical average
of radial distribution function in terms of spatial constraint, which can be well characterized by a single special
microscopic state on configuration space called ”projection state” for non-solid matter. We demonstrate that the
special microscopic state can be numerically constructed for a finite number of particles.
I. INTRODUCTION
In classical systems where total energy is the sum of ki-
netic and potential energy for constituents, expectation value
of structure along chosen coordination qr in equilibrium state
(we prepara complese set of basis functions corresponding to
the coordination
{
q1, . . . ,qg
}) is generally given by canonical
average,
Qr (T ) = Z−1 ∑
i
q(i)r exp
(
−β E(i)
)
, (1)
where summation is taken over all possible microscopic states
on phase space, and β = (kBT )−1. Since energy for individ-
ual microscopic state should depend on constituents and their
multibody interactions, a set of microscopic state to domi-
nantly determine equilibrium properties cannot be known a
priori until information about temperature and interactions
are given. Despite this fact, we recently develop theoretical
approach, where a specially selected microscopic state, that
can be known a priori without any information about energy
or temperature, can well characterize the equilibrium proper-
ties. This result is naturally derived by clarifying how equilib-
rium properties connect with spatial constraint on the system,
which can tell us the important microscopic states describing
equilibrium states, based on information only about the spatial
constraint. Consequently, Eq. (1) can be greatly simplified to
Qr (T )≃ 〈qr〉1−
√
pi
2
〈qr〉2
U+r −U0
kBT
, (2)
where 〈·〉1 and 〈·〉2 respectively denotes taking average and
standard deviation over microscopic states on configuration
space without weight of Boltzmann factor, and U+r and U0 de-
notes potential energy of special microscopic states (for the
former, we call ”projection state”, and for the latter, we call
”mean state” hereinafter), whose microscopic structures can
be determined from information about spatial constraint. Va-
lidity and applicability of proposed equation of Eq. (2) has
been confirmed for crystalline solids in our previous stud-
ies. Although Eq. (2) can be applied for any classical sys-
tems, application to non-solid matter including liquid and gas
is non-trivial. This is because even under the same volume
and density, their constituents themselves can have different
effective size, while straightforward extention of our theoreti-
cal approach in crystalline solids to non-solid matter does not
explicitly include this size effect. Furthermore, whether or
not the special microscopic states of projection and mean state
can be practically constructed for non-solid matter is not con-
firmed so far. Therefore, in order to confirm the validy and ap-
plicability of our theoretical approach, the present study first
provides explicit representation of canonical average of radial
distribution function, and then, applies the representation to
non-solid state whose interaction is given by Lenard-Jones
potential with various potential parameters. We find that sim-
ilary to crystalline solids, special microscopic state for non-
solid state can be numerically constructed for finite-size sys-
tem, and canonical average of radial distribution function can
be reasonablly predicted for multiple particle size.
II. DERIVATION AND CONCEPT
Since Eq. (2) can be applied to any coordination that can be
linear transformed from for instance, coordination in general-
ize Ising model (GIM) used in our previous studies. There-
fore, to describe microscopic structures, we here derive the
explicit expression of Eq. (2) for the case of well-known ra-
dial distribution function (RDF) by clarifying relationship be-
tween GIM description and RDF. Consider the system in liq-
uid phase is in constant volume V and in constant number
density ρ . Let us focus on a single particle i for a certain
microscopic state, and define the number of particles, whose
distance from particle i is between r and r+dr, as ni (r). Then
the radial distribution function is given by
g(r) =
n(r)
4pir2drρ , (3)
where n(r) denotes average of ni (r) over all constituent par-
ticles. Therefore the radial distribution function is a measure
of average density in given distance r in terms of that in ide-
ally random mixture. Practically, expectectation value of the
radial distribution function, 〈g(r)〉Z , is required to determine
atomic structure of the liquid phase. The goal of the present
study is thus to first derive a representation of 〈g(r)〉Z based
on our theory,1–3 which would provide new insight into how
2radial distribution in liquid phase is ruled by distance r and
would enable efficient estimation of 〈g(r)〉Z independent of
the choice of constituent elements.
Let us divide the three dimensional system into equivalent
and sufficiently small cubes, where each cube has a length of
R on one side. When we interpret vertex of the cubes as lattice
points, the number of lattice points in the system and number
of particles are respectively given by V/R3 and ρV . We define
the composition x as
x =
ρV
V/R3
, (4)
which represents fraction of the number of particles with re-
spect to the number of lattice points. We then introduce spin
variable σk, where σk =+1 denote occupation of lattice point
k by particle and σk =−1 is a vacant site. With this definition,
number of pair sites in distance between r and r+ dr is given
by
Npair (r) = S (r)
V
R3
, (5)
where
S (r) = 2pir
2dr
R3
(6)
is the number of pair sites for one lattice point. When we
focus on a certain particle i, number of vacant site in distance
between r and r+ dr is
Ni (r) =
4pir2dr
R3
− ni (r) . (7)
Using above equations and definitions, structural parameter
for pair figure in distance r used in the theory can be given by
ξ (r) =
−ρVN (r)+
{
S (r)
V
R3
−ρVN (r)
}
S (r)
V
R3
, (8)
where N (r) denotes average of Ni (r) over all particles. Using
Eqs. (3)-(8), we can express radial distribution function by
ξ (r):
g(r) =
1
4x2 ξ (r)+
(
1
x
− 14x2
)
. (9)
From Eq. (9), it appears that g(r) depends on artificially in-
troduced length R, but below we see that final representation
for expectation value of g(r) is independent of R. It has been
shown4 that pair structural parameter have the characteristic
of
〈ξ (r)〉= (2x− 1)2 , (10)
where 〈 〉 denotes average over all possible microscopic
states. Using the fact from the theory1–3 that density of micro-
scopic states in terms of ξ (r) is given by normal distribution
function, we can confirm for average that
〈ξ (r)〉= 4x2 〈g(r)〉− 4x+ 1 = (2x− 1)2 , (11)
since by definition of radial distribution, 〈g(r)〉 = 1, and for
standard deviation,
〈g(r)〉2 =
1
4x2
〈ξ (r)〉sd
=
1
4x2
1√
V
R3
S (r)
(−4x2 + 4x)
≃ 1
ρ
√
2pir2drV
. (12)
To derive the last equation of Eq. (12), we consider the limit
of R → 0. Consider that from Eq. (11), radial distribution
function g(r) is certainly a linear transformation of ξ (r), ex-
pectation value of g(r) should have the same form as that of
ξ (r) given in the theory. This is because such linear transfor-
mation holds multivariate gaussian distribution for density of
microscopic states on configuration space, which is required
to apply the theory to liquid phase. Using these facts, we get
〈g(r)〉Z ≃ 〈g(r)〉1−
√
pi
2
1
kBT
〈g(r)〉2
{
U+r −U0
}
, (13)
where factor of
√
2pi comes from the integration of gaussian
from−∞ to ∞ in potential energy space. Here, U0 is the poten-
tial energy of mean state that satisfies g(r) = 〈g(r)〉1 for any
given r. U+r is the potential energy of projection state that has
〈g(r′)〉(+)r for any given r′, where 〈 〉(+)r denote average over
all microscopic states under the condition of g(r) ≥ 〈g(r)〉1.
Substituting Eq. (12) into Eq. (13), we obtain the final form of
radial distribution function:
〈g(r)〉Z ≃ 〈g(r)〉1−
U+r −U0
2kBT ρ
√
r2drV
. (14)
Eq. (14) exhibits general trends for radial distribution in liq-
uid phase, where (i) at high temperature limit (T → ∞), g(r)
approaches to 1 for all r due to dominant contribution of en-
tropy and (ii) for large r, g(r) also approaches to 1, although
actual magnitude of g(r) is still dominated by the numera-
tor of U+r −U0 depending on system. We should emphasize
here that atomic structures with energy of U+r and U0 are inde-
pendent of both temperature and atomic species, since partial
average 〈g(r′)〉(+)r and average 〈g(r)〉 for microscopic states
are clearly independent of temperature and atomic species.
III. RESULTS AND DISCUSSIONS
To confirm the applicability of the derived expressions, we
compare the RDF predicted by the present approach with that
by molecular dynamics (MD) simulations. Calculation condi-
tion of the MD is that we considerNVT ensemble, and em-
ploying verlet method to satisfy simplectic conditions, and
...... We employ Lennard-Jones (LJ) pairwise potential for the
interaction between constituents, ... For the condition under
non-interacting system, we perform well-type potential where
effective radius of particle corresponding to the wall of the
3well. We set the effective radius of constituent particles is
HOGE A˚, which is realized by LJ or well-type potentials. In
order to demonstrate the validity that g(r) can be a natural lin-
ear transformation from GIM, we first compare 〈g(r)〉2 given
by Eq. (12) with that by MD simulation for the chosen dis-
tance, r = 8.5 A˚. Figure 1 shows the resultant 〈g(r)〉2 as a
function of number of particles in the system. We can clearly
see that when the number of particles increases, 〈g(r)〉2 given
by the present approach successfully agrees with that by MD
simulation, indicating the validity of Eq. (12) as a result of
linear transformation from GIM coordination.
Present approach
MD
Number of particles, N
FIG. 1: Standard deviation of RDF, 〈g(r)〉2 at r = 8.5 A˚, predicted
by Eq. (12) based on our theoretical approach and by MD simulation,
as a function of number of particles in the system.
Using the same conditions, we next determine the micro-
scopic structures for mean and projection state based on the
MD simulation with non-interacting system. Figure ?? shows
the resultant RDF for mean and projection state, where the
sharp peak found for projection state is at r = 8.5 A˚, which is
the same distance r that we now focus on: The main difference
in pair correlations between mean and projection state is at the
considered distance, which is the similar tendency found for
the crystalline solids, while for higher-body (e.g., 3-body or
4-body) correlations, this does not always hold true.
In order to quantitatively confirm the difference in RDF be-
tween mean and projection states at the focused distance, we
show in Fig. 3 the product of
√
N by RDF of projection state
for r = 8.5 and r = 17 A˚measured from that of mean state
at the same distance, as a function of number of particles, N.
We can clearly see that the difference in RDF at the focused
distance is proportional to
√
N, which is the same tendency
as the crystalline solids. This certainly indicates that the pre-
dicted RDF given by Eq. (14) does not in principle depend
on the choice of at which number of atoms projection state
is constructed: Since from Fig. 3, we can see that numera-
tor of Eq. (14), U+r −U0, is proportional to
√
N (because en-
ergy is extensive), while denominator also is proportional to√
N since V ∝ N under constant ρ . Consequently, 〈g(r)〉Z
in Eq. (14) is independent of number of atoms for projection
state. Note that difference in magnitude of ∆g(r) · √N be-
tween r = 8.5 and r = 17 A˚ certainly comes from the differ-
ence in volume to estimate g(r) under constant dr.
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FIG. 2: Simulated structure of mean and projection states in terms of
RDF at N = 216 and r = 8.5 A˚.
Number of particles, N
FIG. 3: Product of
√
N by RDF of projection state for r = 8.5 and
r = 17 A˚measured from that of mean state at the same distance, as a
function of number of particles, N.
With these considerations, we finally confirm whether the
microscopic structure of projection state, shown in Fig. 2, can
be numerically constructed by a single state. We perform
Monte Carlo (MC) simulation to optimize the RDF differ-
ences between ideal and practical systems based on simulated
annealing algorism by randomly moving selected particles to
vacant position.
Figure 4 shows the comparison of RDF between ideal and
constructed structures, which indicates that projection state
for non-solid matter can be numerically constructed within a
4finite number of particles.
Ideal
Constructed
FIG. 4: RDF of projections state at N = 216 for ideal and constructed
structures. Note that constructed structures includes 1000 particles.
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